
P
V

C
P
D
K
H
S
e

T
i
v
i
e
b
t
m
e
t
p

K
f

1

f
u
q
t
f
i

v
w
m
t
B
m
n
s
n
t
m
o
i
c
r
S
s
f
v
t

u
v

A
T

2

J

Downloa
erformance Measure of Residual
ibration Control

hul-Goo Kang
rofessor
epartment of Mechanical Engineering,
onkuk University,
wayang-dong, Gwangjin-gu,
eoul 143-701, Korea
-mail: cgkang@konkuk.ac.kr

he robustness of residual vibration control, such as input shap-
ng, has conventionally been evaluated from the ratio of residual
ibration amplitude with input shaping to that without input shap-
ng at the time of the final impulse. However, in that robustness
valuation, vibration-suppressing speed due to each residual vi-
ration control has not been considered, which is also an impor-
ant aspect of residual vibration control. In this paper, a perfor-
ance measure including robustness to modeling errors and the

ffect of vibration-suppressing speed is defined, and the validity of
he performance measure is demonstrated by simulations and ex-
erimental works. �DOI: 10.1115/1.4003377�

eywords: residual vibration, performance measure, robustness
unction, input shaping

Introduction
Input shaping, a method of residual vibration control, is a feed-

orward control technique for reducing vibrations in undamped or
nderdamped systems, which is implemented by convolving a se-
uence of impulses with a desired command. The amplitudes and
ime locations of the impulses for input shaping are determined
rom the system’s natural frequencies and damping ratios by solv-
ng a set of constraint equations.

The early form of the input shaping called posicast control de-
eloped by Smith �1� in the late 1950s was motivated by a simple
ave cancellation concept for the elimination of the oscillatory
otion of the underdamped system and was unfortunately sensi-

ive to modeling errors of natural frequency and damping ratio.
ecause of this sensitivity problem to modeling errors and lack of
icroprocessor technology at that time, the posicast control did

ot come into widespread use for real systems. However, an input
haping paper published in 1990 by Singer and Seering �2� re-
ewed interest in prefiltering reference inputs for residual vibra-
ion reduction, which is a method that improved robustness to

odeling errors by adding additional constraints on the derivative
f residual vibration magnitudes. Given its robustness, input shap-
ng has been implemented on a variety of systems including
ranes �3�, disk drives �4�, flexible spacecrafts �5,6�, and industrial
obots �7,8� using microprocessor technology. Since Singer and
eering’s work �2� for linear second-order systems, the input
haping technique has progressed in such a way that is effective
or multimode systems �9�, for nonlinear systems �5,10�, for time-
arying systems �11�, and for nonlinearities such as Coulomb fric-
ion �12�, backlash �13�, and on-off thrusters �14�.

Robustness to modeling error is an important issue for practical
sefulness of residual vibration control. The robustness of residual
ibration control such as input shaping has conventionally been
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evaluated using sensitivity curves plotted from the ratio of re-
sidual vibration amplitude with input shaping to that without input
shaping at the time of the final impulse �4,9,11,15–18�. However,
this sensitivity curve does not represent the effect of vibration-
suppressing speed due to each residual vibration control, which is
also an important aspect of the residual vibration control.

In this paper, the robustness function and the performance mea-
sure including the effect of vibration-suppressing speed are de-
fined. The validity of the aforementioned parameters is verified
through simulation studies using SIMULINK models and experi-
mental studies that use an up-down motion control apparatus with
a flexible horizontal beam.

Section 2 briefly describes the idea of input shaping control.
Section 3 defines the robustness function and the performance
measure for residual vibration control and utilizes simulation stud-
ies to verify the definitions. Section 4 describes the design of the
experimental apparatus and demonstrates the validity of the ro-
bustness function and performance measure by experiments. Sec-
tion 5 concludes the paper.

2 Input Shaping Control
There are several ways to suppress unwanted residual vibra-

tions. The most well-known technique is input shaping control.
Figure 1 shows a block diagram for the input shaping control in
which an input shaper convolves command input r�t� with a se-
quence of impulses. For a single mode vibration system with an
underdamped second-order linear dynamics, the output of the so-
called zero vibration �ZV� input shaper, r��t�, is represented by

r��t� = r�t���A1��t − t1� + A2��t − t2�� =�
0

t

r��� · �A1��t − � − t1�

+ A2��t − � − t2��d� �1�

where � indicates the convolution integral of two functions and
��t� indicates the Dirac delta function. If r�t� is given by a step
function c ·h�t�, then

r��t� = c�A1h�t − t1� + A2h�t − t2�� �2�

where h�t� indicates the Heaviside step function and c is a con-
stant value. The parameters t1, t2, A1, and A2 in Eq. �2� are ob-
tained from constraint equations given by the ZV shaper �4–6,17�.

t1 = 0, t2 =
�

�n
�1 − �2

�3�

A1 =
e��/�1−�2

1 + e��/�1−�2
, A2 =

1

1 + e��/�1−�2
�4�

where t1 and t2 are the time locations of impulses, A1 and A2 are
the magnitudes of the impulses, and �n and � are the natural
frequency and damping ratio of the flexible structure, respectively.
Note that t1=0 and A1+A2=1 without loss of generality. The du-
ration of t2 is one-half period of the damped vibration.

A zero vibration and derivative �ZVD� input shaper composed
of three impulses is more robust to modeling errors than the ZV
input shaper. This is achieved by adding additional constraints on
the derivative of residual vibration magnitudes and is given by
�4–6,17�

t1 = 0, t2 =
�

�n
�1 − �2

, t3 =
2�

�n
�1 − �2

�5�

A1 =
e2��/�1−�2

��/�1−�2 2
, A2 =

2e��/�1−�2

��/�1−�2 2
�1 + e � �1 + e �
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A3 =
1

�1 + e��/�1−�2
�2

�6�

Other than the ZV and ZVD shapers, shapers such as the unity
agnitude �UM� shaper �4,19�, specified negative amplitude

SNA� shaper �19�, extra-insensitive �EI� shaper �20�, and
ultiple-mode shaper �9� have also been introduced in the litera-

ures.

Robustness Function and Performance Measure
For a linear system with one vibration mode, the unit impulse

esponse y1 is given by

y1�t� =
�n

�1 − �2
e−��nt sin��dt� �7�

here �d=�n
�1−�2 is the damped natural frequency. When a

equence of impulses 	i=1
m Ai��t− ti� with 	i=1

m Ai=1 is applied to
he second-order system, the response y�t� is obtained at t� tm as
ollows:

y�t� =
�n

�1 − �2
e−��nt�C��n,��2 + S��n,��2 sin��dt − �� �8�

here

C��n,�� = 	
i=1

m

Aie
��nti cos��dti� �9�

S��n,�� = 	
i=1

m

Aie
��nti sin��dti� �10�

� = tan−1 S��n,��/C��n,�� �11�
The robustness issue for modeling errors of the natural fre-

uency �n and the damping ratio � is addressed initially by dif-
erentiating the governing equations �9� and �10� with respect to
n and �. The differentiated equations are then introduced as con-

traints on residual vibration in the governing equations, which
esult in an additional impulse and a sequence such as Eqs. �5�
nd �6�. Consequently, this result is less sensitive to changes in the
arameters or modeling errors �21�.

Conventionally, the robustness to modeling errors in the natural
requency and the damping ratio is estimated by the following
ensitivity function, which implies roughly the amplitude ratio of
esidual vibration at the final impulse time �4,9,11,15–17�:

V��n,�� = e−��ntN�C��n,��2 + S��n,��2 �12�

here tN is the final impulse time of the input shaper. As an
xample, a plot of function V in Eq. �12� with respect to natural
requency error is shown in Fig. 2, which is a display of the
ensitivity curve. The ZVD input shaper is more robust than ZV
nput shaper in the conventional sense since ZVD curve is more
at than ZV curve near �modeled /�actual=1. However, the final

mpulse instant tN in Eq. �12� varies according to the modeling
rror in �n, and so it is not reasonable to compare robustness
erformances of various residual vibration controls with this sen-
itivity curve, in spite of the fact that it represents a rough ten-
ency of robustness of the input shaping control. A better way to

Fig. 1 Block diagram of an input shaping control system
ompare the robustness of various control logics for residual vi-
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bration suppression is to compare the amount of overshoot and
undershoot of each input shaping control during a specified time
interval. By specifying defined time intervals in advance, the ef-
fect of the vibration-suppressing speed in the analysis can be con-
sidered.

In this paper, the actual natural frequency and the damping ratio
are fixed, and the model natural frequency and damping ratio are
varied for experimental convenience. Note that the sensitivity
curve is conventionally plotted using varying �actual for fixed
�modeled so that x-axis becomes �actual /�modeled instead of
�modeled /�actual.

Before defining a performance measure for the robustness of
residual vibration control, we define first a robustness function R
as the ratio of residual vibration with control to that without con-
trol. The robustness function should be independent of the mag-
nitude of reference input and also of the actuator dynamics that
exists between an input shaper and a flexible system. Furthermore,
the robustness function should include the effect of response
speeds as well as amplitude sizes of residual vibrations. Plotting
the robustness function with respect to modeling errors is called a
robustness curve in a residual vibration control.

The robustness function with the above features is well defined
by the ratio R of the integral of squared errors �ISEs� of residual
vibrations for the case with input shaper or any other residual
vibration control logic to the one for the case without input shaper
or any other residual vibration control logic during a prespecified
time interval. The errors of residual vibrations are measured with
respect to a nominal motion or a motion base. That is,

R��error,�error� =
ISE of input shaping case ��error,�error�

ISE of no input shaping case

=

�
ti

tf

�yIS − yrigid�2dt

�
ti

tf

�ynoIS − yrigid�2dt

�13�

where �error and �error represent modeling errors of natural fre-
quency �n and damping ratio �, respectively. This definition is
applied not only to the input shaping control but also to other
residual vibration controls. The robustness function R is a function
of the modeling errors �error and �error since residual vibration yIS
is a function of the modeling errors �error and �error. In Eq. �13�,
ynoIS and yIS are displacements of a flexible beam or cable without
vibration-suppressing control logic �noIS implies no input shap-
ing� and with vibration-suppressing control logic, respectively.
The value of yrrigid is a displacement of a motion base on which

Fig. 2 Sensitivity curves of ZV and ZVD input shapers to mod-
eling errors in natural frequency
the cable or the flexible beam is attached.
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Figure 3 shows an example of vibratory motion of a flexible
aterial attached to a motion base without residual vibration con-

rol. Rigid motion is represented as yrigid, and flexible motion is
epresented as ynoIS. If the residual vibration is removed com-
letely, then the value of R is 0. If the residual vibration is the
ame with the case without residual vibration suppression control,
hen the value of R is 1.

In the robustness function �13�, the lower limit ti is appropri-
tely selected according to residual vibration types. If residual
ibration is of the same type, as shown in Fig. 3, in which motion
ommand is smoothly rising instead of a step rise, ti may be
elected as a value of the settling time of the rigid motion; in other
ords, 98% reaching time of the steady-state value. If residual
ibration is of the same type, as shown in Fig. 4, in which the
ommand is a step fashion, ti may be selected as final impulse
ime of the input shaper. The lower limit ti may differ depending
n the residual vibration control logic that is used and is selected
ccording to the time interval that under which the study is con-
erned. For example, t2 or t3 for the case in Fig. 4 may be selected
s ti, which is the second or third impulse instant of the ZV shaper
r the ZVD shaper.

The final time tf may be selected as the lower limit ti plus a
alue of 3 times the period of the damped natural frequency, i.e.,
f = ti+3·2� /�d. In Fig. 4, the vibratory solid line is a step re-
ponse of a second-order system with a natural frequency of 1 Hz
nd a damping ratio of 0.2. The dotted line represents the result of

ig. 3 Rigid motion of a motion base and flexible motion of a
eam without residual vibration control

ig. 4 Step response ynoIS of an underdamped second-order
ystem, and results of ZV and ZVD input shaping controls of

he case without modeling errors
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the ZV input shaping for the case without modeling errors. The
dashdot line represents the result of the ZVD input shaping for the
case without modeling errors. Since the time interval of integra-
tion is independent of modeling errors, the suppressing speed of
residual vibration is considered in the robustness function �13�.

Figure 5 shows robustness curves by Eq. �13� for an under-
damped second-order system with 1 Hz natural frequency and 0.2
damping ratio. Large values of R for low values of �modeled /�actual
are due to big impulse times t2 and t3 by frequency modeling
errors, as shown in Fig. 6. Note that t2 or t3 in the lower limit ti is
a fixed value of the case without modeling errors and is indepen-
dent of modeling errors. Actually, the result of Fig. 5�a� shows the
well-known fact that the ZVD shaper has a penalty in settling time
even if it is more robust than the ZV shaper in modeling errors, as
shown in Fig. 6. Note that Fig. 2 does not show the settling time
penalty. In contrast, Fig. 5�a� includes the effect of the settling
time penalty. Note also that if necessary, the robustness curves in
Fig. 5 may be plotted using varying �actual for fixed �modeled so
that x-axis becomes �actual /�modeled instead of �modeled /�actual.

We define a performance measure in the residual vibration con-
trol as the inverse number of the sum of the robustness function
values at 70%, 80%, 90%, 100%, 110%, 120%, and 130% of the
actual parameter value that is under investigation. Roughly speak-
ing, it represents the total amount of residual vibrations within
�30% modeling errors in the model parameter that is concerned.

Fig. 5 Robustness curves for modeling errors in natural fre-
quency when „a… ti= t2 and „b… ti= t3
It can be written in the following equation:
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PMx =
1

	
i=7

13

Rx�0.1�i�

�14�

here x is �n, �, or any other parameters that are under investi-
ation for robustness analysis. PM takes a value between 0 and
ositive infinity. A larger value indicates better robustness perfor-
ance.
Table 1 summarizes the simulation results. From this table, it

an be concluded that the ZVD input shaping is better than the ZV
nput shaping in robustness to modeling errors only for the time
ntervals after t3. If we consider the time interval from t2 to tf, the
obustness of the ZV input shaping is better than the robustness of
he ZVD input shaping, contrary to what has been conventionally
tated. This fact is supported by the robustness curve in Fig. 5�a�
nd the time response curves in Fig. 6, in which solid lines are
nput shaping results of no error case and dotted lines and dashdot
ines are input shaping results of �30% modeling errors in natural
requency. Table 1 and Fig. 7 are the various input shaping results
or the second-order system with the actual natural frequency
n=1 Hz and the damping ratio �=0.2. In Fig. 7, gray bars �left�
re PM when ti= t2, and brown ones �right� are PM when ti= t3 for
tep responses of the second-order system.

From this analysis �Fig. 7�, we can say that the ZVD input
haper is the best among the four input shapers studied in robust-
ess if response speed is not an important issue. The ZV and the
M-ZV shapers are good in robustness if fast responses are re-
uired.

ig. 6 Step responses of an underdamped second-order sys-
em with input shapers

able 1 Performance measures for various input
hapers
44501-4 / Vol. 133, JULY 2011
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4 Experimental Verification
To experimentally show the validity of the proposed perfor-

mance measure of residual vibration control, we designed an ex-
perimental apparatus with a 1DOF up-down motion. Figure 8
shows the experimental apparatus for suppressing residual vibra-
tions, which includes an ac motor, a ball-screw, a servo driver, and

Fig. 7 Performance measures of ZV, ZVD, UM-ZV, and EI
shapers for modeling errors in „a… natural frequency and „b…
damping ratio

Fig. 8 Experimental apparatus for suppressing residual

vibrations
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