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ABSTRACT 
 

In the literatures of input shaping control, two kinds of residual-vibration-ratio functions have 

been introduced for evaluating the robustness of input shaping control to modeling error, and two 

types of derivative constraints for the residual-vibration-ratio function have been used for 

suppressing residual vibration under the condition with some modeling errors in natural 

frequency and damping ratio. In this paper, a simplified residual-vibration-ratio function is 

presented which is more convenient to use than the conventional function, and then the 

equivalence of two derivative constraints for the simplified residual-vibration-ratio function is 

shown mathematically. The validity of the assertion is demonstrated by means of simulation and 

experimental studies.  
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I.  INTRODUCTION 

Among several ways to reduce residual vibrations [1-2], 

input shaping control is an open-loop control technique which 

can reduce residual vibrations of undamped or under-damped 

systems by convolving a sequence of impulses with a desired 

command. It lacks intrinsically robustness to modeling errors 

due to open-loop control characteristics. The amplitudes and 

time locations of the impulses for input shapers are determined 

by solving a set of constraint equations using the system's 

natural frequencies and damping ratios. With sensitivity 

problem to modeling errors being resolved and digital timing 

technology being adopted in 1990s, input shaping control has 

been widely accepted in industry. 

The early form of the input shaping control called posicast 

control developed by O.J.M. Smith [3] in the late 1950’s was 

motivated by a simple wave cancellation concept for the 

elimination of the oscillatory motion of an under-damped 

system. However it was sensitive to the modeling errors of 

natural frequencies and damping ratios. Singer and Seering [4] 

improved robustness to modeling errors by adding additional 

constraints on the derivative of residual vibration magnitudes, 

which resulted in a ZVD (Zero Vibration and Derivative) 

input shaper. After the Singer and Seering’s work [4], various 

techniques to improve robustness of input shapers have been 

developed [5-10]. The robustness of the input shaping control 

has conventionally been evaluated using sensitivity curves 

plotted from a residual-vibration-ratio function V which is the 

ratio of residual vibration amplitude under input shaping 

control to that without input shaping control [5-10].  

In the previous literatures of input shaping control [4-13], 

two kinds of residual-vibration-ratio functions have been 

introduced for ZVD shapers, EI (extra-insensitive) shapers, 

and vector diagrams of input shaping control; one includes an 

exponential function, and the other does not. Moreover, two 

types of derivative constraints for the ZVD-series input 

shapers have been confusingly used in the previous literatures 

even if conceptual explanation for two derivative constraints 

therein is generally acceptable.  

In this paper, two kinds of residual-vibration-ratio functions 

are simplified as one, and the equivalence of two derivative 

constraints for the simplified residual-vibration-ratio function 

is clarified mathematically.  

In the following, Section II describes a categorization of 

robust input shapers, Section III introduces a simplified 

residual-vibration-ratio function, Section IV clarifies 

mathematical equivalence of two types of derivative 

constraints, Section V shows simulation and experimental 

results, and Section VI concludes the paper.  
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II. CONSTRAINTS FOR ROBUST INPUT SHAPERS 

An input shaper suppresses residual vibration by generating 

an input that cancels its own vibration. The simplest one is the 

ZV (Zero Vibration) input shaper using two impulses, but the 

ZV input shaper is sensitive to modeling errors in natural 

frequency n  and damping ratio  .  

When a sequence of N impulses ( )i iA t t   with 1iA   

is applied to the 2
nd

 order under-damped system 
2 2 2/ ( 2 )n n ns    , the response ( )y t  can be obtained at 

Nt t  as follows. 
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where 21d n    and 1tan ( , ) / ( , )n nS C     . d  is 

a damped natural frequency of the system, and  is a phase 

shift. Here ( , )nS    and ( , )nC    are expressed by the 

equations 
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To make residual vibration in the N impulse response (1) be 

zero for any time Nt t , we impose the zero vibration 

constraints, ( , ) 0, ( , ) 0n nC S     , which result in a ZV 

input shaper.  

To increase robustness to modeling errors, the ZVD input 

shaper adds two additional derivative constraints  
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 at the model frequency in which the actual natural frequency 

n  equals the modeled natural frequency m (fixed). We can 

show that / 0C    and / 0S     are automatically 

satisfied if (3) is satisfied [4], which means also robustness to 

damping ratio errors. 

In (2), ,i iA t are impulse amplitudes and impulse time that 

should be obtained from certain constraint equations.  

Two constraints (3) with expressions (2) are equivalent to 

the following two constraints, which is easy to show. 
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The best solution of ,i iA t  satisfying derivative constraints 

(4) together with zero vibration constraints and 1iA   gives 

the ZVD input shaper, 1 2 2 3 3( ) ( ) ( )A t A t t A t t       which 

is composed of three impulses. ( )t  is Dirac delta function. 

The process of adding robustness to modeling errors can be 

further extended to include the second derivatives and the 

third derivatives with respect to n . The general form of the 

p-th derivative constraints is given by 

 

 

 

1

1

cos( ) 0

sin( ) 0

n i

n i

N
p t

i i d i
i

N
p t

i i d i
i

A t e t

A t e t





















                                          (5) 

 
where N is the number of impulses of the input shaper. N 

must be increased for the existence of the solutions ,i iA t  as 

higher-order derivative constraints are added, which means 
longer shaper duration. For example, ZVDD (Zero Vibration 
and Derivative-Derivative) input shaper is composed of four 
impulses which is obtained from zero vibration constraints, 

constraint (4), constraint (5) with p = 2, and 1iA  . As more 

derivative constraints are added, the input shaper becomes 
more robust even if shaper duration takes more time. 

The second way to obtain robustness to modeling errors is to 
relax the zero vibration constraints to be 

 

2 2( , ) ( , )n n tolC S V                                              (6) 

 

at the model frequency, in which 
tolV  is a nonzero value such 

as 0.05 for 5% allowance of residual vibration at the model 
frequency [10,11]. With additional constraints at a higher and 
lower frequency than the model frequency, an EI (Extra-
Insensitive) input shaper is obtained which has a hump in a 
sensitivity curve (refer to the next section) to modeling errors. 
Because of the hump, robustness to frequency errors is 
increased as a result.  

We can add more humps in the sensitivity curve using 
proper constraints, and then we can make two-hump or three-
hump EI input shapers. As the number of humps is increased, 
the robustness to modeling errors is increased too, but shaper 
duration takes more time. 

The third way to increase robustness to modeling errors is 
to specify an arbitrary frequency interval in advance, and then 
to design an input shaper that satisfies the condition that 
residual vibrations are within the tolerance at the specified 
frequency interval by applying zero vibration constraints 
repeatedly at  sampled frequencies. This results in a SI 
(Specified Insensitivity)  input shaper [12,14]. 

Finally, the robustness of input shaping control to modeling 
errors can be improved by convolving simple shapers. For 
example, we can obtain a MZ (multi-ZV) input shaper by 
convolving two simple ZV shapers, which is a much more 
robust shaper than each ZV shaper [15]. 

From the above discussions, robust input shapers can be 
categorized into four groups according to the constraints used 
for designing input shapers. They are: 

(i) a series of ZVD input shapers using derivative 
constraints such as ZVD, ZVDD, and ZVDDD input shapers,   

(ii) a series of EI input shapers using nonzero vibration 
constraints at model frequency such as EI, two-hump EI, and 
three-hump EI input shapers,  



(iii) a series of SI input shapers using zero vibration 
constraints repeatedly at a specified frequency interval such as 
SI-ZV input shaper, and 

(iv) a series of MZ input shapers being obtained by 
convolving simple shapers. 

 

III. SIMPLIFIED RESIDUAL-VIBRATION-RATIO FUNCTION 

To evaluate the robustness to the modeling errors in natural 

frequencies and damping ratios, we need to define a residual-

vibration-ratio function that is a function of natural frequency 

errors and damping ratio errors. The residual-vibration-ratio 

function should be independent on the magnitude of reference 

input, and also on actuator dynamics that exists between an 

input shaper and a flexible system. 

Conventionally, the residual-vibration-ratio function for 

ZVD input shapers and SI input shapers has been defined by 

the equation 
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n n nV e C S

     
  .                        (7) 

 

where 
Nt  is the final impulse time of the input shaper [4-7]. 

The function (7) is actually the ratio of the residual 

vibration amplitude under an input shaper (envelope 

magnitude at Nt t ) to the residual vibration amplitude of an 

unit impulse response (envelope magnitude at 0t  ) without 

input shaper [13,16]. But it is inconvenient to operate 

mathematically (e.g., to differentiate) the function (7) due to 

the exponential term in front of the square root. 

In the previous literatures of input shaping control, another 

form of the residual vibration ratio function appears in various 

situations. In a vector diagram [12,17] which is a graphical 

representation of an impulse sequence of the input shaper, and 

in an EI input shaper [10], the residual-vibration-ratio function 

has been defined by the equation 

 

 2 2( , ) ( , ) ( , )n n nV C S       .                                 (8) 

 

Actually, the residual-vibration-ratio function (8) is the 

ratio of the envelope of ( )y t in (1) (i.e., with input shaper) to 

the envelope of the unit impulse response without input shaper 

at Nt t . 
The function (8) includes similar information on robustness 

to modeling errors with (7) if the modeling errors are not too 

big (e.g., are within 80% of exact values). The expression (8) 
is more convenient to obtain the derivative of V than the 
expression (7). Moreover, the function (8) is more intuitive and 
simpler than the conventional one (7). Note that the functions 
(7) and (8) are same if the damping ratio equals zero. 

Figure 1 shows sensitivity curves using (7) and (8) for an 

under-damped system 2100 / ( 100)s s  with 10 rad/s 

undamped natural frequency and 0.05 damping ratio. The 
sensitivity curves in Figure 1 are displays of the values V for 

frequency errors up to 60% of exact values. In Figure 1, n  is 

the actual value of the undamped natural frequency of the 

system, and m  is the model value for the undamped natural 

frequency n .  

Figure 2 shows sensitivity curves for the same system with 
the one in Figure 1 but with much wider frequency modeling 
errors. In Figure 1 and Figure 2, no damping ratio errors are 
assumed.  

Even if the function (7) gives more realistic sensitivity 

curves than the curves from the function (8) for a very big 

modeling error in natural frequency, for example, 400% error, 

we can see from Figure 1 that both sensitivity curves using (7) 

and (8) show similar trend about the sensitivities to modeling 

errors if modeling errors are not very big. The difference 

between the two sensitivity curves in Figure 1 is only scale 

factors in V. Note that modeling errors in 
n  and   are 

generally not so big (for example, within 100%) in actual 

situations. Therefore, using the function (8) instead of the 

conventional one (7) is acceptable for the sensitivity analysis 

if modeling errors in 
n  and   are not very big.  

In summary, the residual-vibration-ratio function (8) can 

be used as a residual-vibration-ratio function for designing 

ZVD shapers, EI shapers and SI shapers, and for plotting 

sensitivity curves, and also for plotting vector diagrams. The 

function (8) is better than the one (7) in view of mathematical 

simplicity, especially, in view of differentiations of the 

function.  
 

 
Fig. 1. Sensitivity curves using two residual-vibration-ratio functions 

in the interval between -60% and 60% frequency errors. 
 



0 1 2 3 4 5 6
0

0.5

1

1.5

2

2.5

3

Normalized natural frequency 
n
/

m

R
e
s
id

u
a

l v
ib

ra
ti
o
n

 r
a

ti
o
 V

ZV shaper (  = 0.05), Conventional V

ZVD shaper (  = 0.05), Conventional V

ZV shaper (  = 0.05), Unified V

ZVD shaper (  = 0.05), Unified V

 
Fig. 2. Sensitivity curves using two residual-vibration-ratio functions 

in the interval between -100% and 600% frequency errors. 

 
 

IV. TWO DERIVATIVE CONSTRAINTS 

Input shapers are in general more sensitive to modeling 

errors in natural frequency than ones in damping ratio. 

Furthermore if it is robust to modeling errors in natural 

frequency, then it is also robust to modeling errors in damping 

ratios [4]. Therefore in this discussion, we assume that there is 

no modeling errors in damping ratio, and C, S, and V are only 

functions of 
n .  

Then the derivative of V in (8) with respect to n  is given by 
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                          (9) 

 

However obtaining the value of (9) at n m   under the 

zero vibration constraint and zero derivative constraints is not 

so simple because ( ) 0nC    and ( ) 0nS    at n m  . The 

derivative of the conventional V and subsequent analysis are 

given in the reference [18]. 

Let’s evaluate the value of (9) by modifying the expression 

to be  

 

 
 

 
2

/ ( ) / ( ) /

1 ( ) / ( )

n n n n

n
n n

dC d S C dS ddV

d S C

   

  






                    (10) 

 

As n m  , the limit value of ( ) / ( )n nC S  can be 

evaluated using the L’Hospital’s rule such that 
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In the second expression of (11), the limit value is still 

undetermined since the limit values of the numerator and the 

denominator all go to zero due to zero derivative constraints. 

However the third expression of (11) has a limit value. 

To conveniently obtain the second derivatives of C and S, 

we change the form of (2) for the ZVD shapers into 
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where 2/ 1k     is a constant. Obtaining the second 

derivatives of (12) for a specific ZVD input shaper with 

3N  , we need the limit value given by  
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Substituting (13) into (10), we obtain the derivative of V in (9) 

as n m  . 

This process of evaluating the derivative of V can be 

extended to the evaluation of the second derivative of V, and 

further to the evaluation of the third derivative of V at n m  . 

Some previous literatures [6,8,10,12-17,19-22] use two 

types of derivative constraints; one is the constraint (3) such 

that  
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and the other is the constraint such that 
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at the model frequency 
n m  .  

The relationship between (14) and (15) can be obtained by 

evaluating the limit value of (9) using the L’Hospital’s rule 

since ( ) 0nC    and ( ) 0nS    as n m  . As n m  , 

the following equation holds for any /
n

dC d  and /
n

dS d   
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From (16), it is clear that the constraint (14) is equivalent to 

the constraint (15). That is, the derivative constraint (14) is a 



necessary and sufficient condition for satisfaction of the 

constraint (15) as n m   under the condition ( ) 0nC    

and ( ) 0nS   .  

As n m   under the condition ( ) 0, ( ) 0n nC S   , the 

assertion can be represented by 
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The equivalence (17) implies that the satisfaction of (15) 

does guarantee the satisfaction of (14) as n m   for ZVD 

series input shapers. In addition, the assertion with partial 

derivative with respect to   instead of n  in (17) also holds.  

This discussion can be also extended to ZVDD and 

ZVDDD shapers in the same manner. 

 

V.  DEMONSTRATIONS 

To demonstrate the fact (17), we designed an experimental 

apparatus with a 1 DOF up-down motion as shown in Figure 

3. The experimental apparatus includes an AC motor, a ball-

screw, a servo driver, and a flexible cantilever beam. In the 

experimental apparatus, the flexible beam vibrates with a 

natural frequency and damping ratio according to the load 

attached at the end of the beam when the motion base is 

moving up and down [23]. 

Motion base position is controlled by using a PID controller 

at the feedback loop, while the input shaper is outside the 

feedback loop, and thus it does not affect the stability of the 

whole system. In this experiment, the servo driver is set to the 

velocity control mode. Figure 4 shows the block diagram of 

the whole system. Sampling time for input shaping and 

position control is set to 0.1 ms even though sampling time 

could have been set to less than 0.1 ms. 

A Simulink model for the experimental apparatus has been 

developed for simulating various input shapers including ZV 

and ZVD shapers. The simulation model is verified by 

comparing simulation and experiment results for the case 

without input shaping control [23]. The same PID controller, 

with 2.1, 0.007p iK K   and 0.011dK  , has been used for 

both simulations and experiments; however, the PID controller 

for the experimental work is discretized by using trapezoidal 

approximation for integral action and 0.1 ms sampling time.  

 

 

Fig. 3.  Experimental apparatus for testing input shaping control. 
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Fig. 4.  Block diagram of the experimental apparatus. 
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Fig. 5. Sensitivity curves of ZV and ZVD input shaping control to 

modeling errors in natural frequency.  

 

When a cantilever beam has one load block attached at the 

end of it, the actual natural frequency and damping ratio were 

measured to be 5.6 Hz and 0.012, respectively. When the 

cantilever beam has a half block attached at the end of it, the 

actual natural frequency was measured to be 7.0 Hz, and when 

the cantilever beam has two blocks, the natural frequency was 

measured to be 4.1 Hz. Damping ratios for the above two 

cases were similar to the damping ratio of the case with one 

block. 

Figure 5 shows sensitivity curves of ZV and ZVD input 

shaping control to modeling errors in natural frequency using 

simulation and experimental results. In Figure 5, we have 

designed a ZV and ZVD input shapers using parameters of one 

block case, and then experimented three cases with a half 



block, one block, and two blocks at the end of the beam. To 

estimate the percentage residual vibration V in experimental 

results, we measured the maximum overshoots for the case 

with and without input shaper, and calculated the ratio of two 

maximum overshoots. Maximum overshoots for the three 

cases without input shapers were roughly measured to be 9 

mm for 200 mm strokes. Maximum overshoots of the ZV and 

ZVD input shaping cases with one block (i.e., without 

modeling errors) were about 1 mm, and maximum overshoots 

of the ZV and ZVD input shaping cases with a half block or 

two blocks (i.e., with modeling errors) were about 4 mm and 2 

mm, respectively. The differences of the experimental results 

(x and ∆) and two lines in Figure 5 are mainly due to the 

inclusion of servo control system including controller, plant 

and feedback loop, which is not considered in the plotting of 

the solid and dotted lines.  

Figure 6 shows the experimental time responses using two 

input shapers when -27% modeling error in natural frequency 

exists. In Figure 6, we attached two blocks at the end of the 

beam, and carried out experiments with the input shapers 

designed for the one block case. As expected, ZVD input 

shaping control shows better performance than the one of ZV 

input shaping control when modeling error exists. Figure 5 and 

Figure 6 demonstrate experimentally that the ZVD input 

shaper designed from the simplified V and the constraint (17) 

is less sensitive to modeling errors than the ZV input shaper. 

Also, the simplified V in (8) can be applied to the design of 

EI series shapers as usual [10], and the design of SI series 

shapers on behalf of the conventional V in (7). 

Furthermore, the simplified V can be used for generating 

the cancelling impulse in the vector diagram of the input 

shaper as shown in Figure 7. In the vector diagram of Figure 7, 

xR and 
yR  are expressed as 1 2 2 2 2cos , sinx yR A A R A   

 
which correspond to C and S of the simplified V in (8), 

respectively, and 
3A  is expressed as 

2 2
3 x yA R R 

 
which 

correspond to V in (8). 
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Fig. 6.  Experimental time responses of ZV and ZVD input shaping 

control to 27% modeling errors in natural frequency.  
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Fig. 7.  Vector diagram obtained by using the simplified V.  

 

VI.  CONCLUSION 

Various input shaping techniques to increase robustness to 

modeling errors have been categorized into four groups in this 

paper, i.e., ZVD series shapers, EI series shapers, SI series 

shapers, and MZ series shapers, and then a simplified residual-

vibration-ratio function V is introduced. The simplified V can be 

applied to various areas as a unified way, i.e., the design of ZVD, 

EI, and SI series shapers, the plotting of sensitivity curves of 

various shapers, and the drawing of vector diagrams of input 

shaping control. The simplified V is more convenient than the 

conventional V in mathematical operations, especially in 

derivative operations.  

Moreover, for the simplified V, the equivalence of the two 

derivative constraints for the ZVD series shapers, / 0nV     

and / 0, / 0n nC S       , has been clarified 

mathematically. Actually, it has been shown that for the 

simplified V,  / 0nC     and / 0nS     is a necessary and 

sufficient condition for / 0nV     as actual natural frequency 

approaches to model value under the constraint ( , ) 0nC     

and ( , ) 0nS    .  
The assertions of the paper have been demonstrated using 

simulation and experimental studies using an experimental up-
and-down motion apparatus.  
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